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Abstract 

We analyze cubic spin 3 interaction in AdS space using the higher spin extension of 
string-theoretic sigma-model constructed in our previous work, which low energy limit is 
described by AdS vacuum solution. We find that, in the leading order of the cosmo logical 
constant, the spin 3 correlator on the AdS 4 string theory side reproduces the structure of 
3-point function of composite operators, quadratic in free fields, in the dual d = 3 vector 
model. The cancellation of holography violating terms in d = 3 is related to the value of 
the Liouville background charge in d = 4. 
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1. Introduction 

It is common to think of AdS/CFT holography as of duality between semiclassical 
limit of supergravity with negative cosmological constant and conformal field theory (CFT) 
living on the boundary of its vacuum solution ( AdS space) . This, however, is the low energy 
approximation; in the stronger sense the AdS/CFT conjecture means that the correlation 
functions of physical vertex operators computed in closed string theory in anti-de Sitter 
background must reproduce the correlators of the corresponding conformally invariant 
observables on the CFT side 0, ||, @. Regardless of space-time dimension, higher 
spin fields in AdS space (with various symmetries) inevitably have to play critical role in 
AdS/CFT holography since the overwhelming number of operators on the CFT (gauge 
theory side), for example, those of the type 

~Tr(0/V mi ...V m > 7 ) (1) 

simply have no choice but to match the higher spin objects propagating in AdS space-time 
(and possibly polarized along the direction of the boundary). In particular, it has been 
conjectured Q, that , in case of AdS^/CFT^, the symmetric fields of spin s in AdS 4 
described by Vasiliev's unfolding formalism (e.g. see @, 0, [§, @, 0j, Fl , Hl2f are 



dual to the symmetrized objects of the type (1) at the conformal points of the O(N) vector 
model in d = 3 for even values of s and the U(N) model for odd spins. This conjecture has 



been checked explicitly in important papers [^3| , |14| , [[15] and later analyzed in a number 



of insightful works, e.g. |T1|, |T7[], JHJ, [BJ, |2tJ whose results suggest the importance 
of the free field theory limit in the 0{N) / HS duality, despite the fact that Maldacena- 
Zhiboedov theorem can be circumvented under certain assumptions HTsf . Apart from the 



low-energy limit, the dynamics of these higher spin fields is described by physical vertex 
operators in open or closed string theories in anti-de Sitter space and their worldsheet 
correlation functions. In particular, the AdS/CFT duality conjecture strongly suggests 
the existence of infinite tower of massless higher spin states in the string spectrum in AdS 
space-time. In practice, however, little is known about AdS string theory dynamics beyond 
semiclassical limit, since straightforward quantization of string theory in AdS space-time 
is not known (e.g. see ||21|| ). Another important point is that, in the standard description, 



the string excitations correspond to the space-time fields in the metric [22], [E3l, pi, [2 



27] , ]2£| , J29] rather than unfolded formulation, while it is the unfolded formalism 



which is the most natural and efficient frame- work to approach the problem of the higher 
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spin extension of the AdS/CFT duality Q, [§, [0, @, 0, 0. In one of the recent 
works |3(]] we constructed the string-theoretic sigma model based on hidden space-time 
symmetry generators in RNS formalism, realizing AdSa isometry group. The model is 
initially defined in the flat background, however, when perturbed by the vertex operators 
based on the hidden AdS isometry generators, it flows to the new fixed 2d conformal 
point, corresponding to AdS geometry in space-time. This can be shown by analyzing the 
conformal beta-function of the sigma-model, resulting in the low-energy effective equations 
of motions, describing (in the leading order) the AdSd vacuum solutions of gravity with 
negative cosmological constant in the Mac Dowell-Mansouri-Stelle-West description [31] , 
33(1 Remarkably, the closed string vertex operators, constructed in describe 



the gravitational excitations around the AdS vacuum in the frame, rather than metric 
formalism - i.e. in terms of the vielbein and spin connection gauge fields. In this paper 
we extend our analysis of this sigma-model to include the excitations corresponding to 
massless higher spin fields in the frame-like Vasiliev's approach. The string-theoretic vertex 
operators for the frame-like higher spin fields have been constructed in our earlier work 
||34|| where we performed their BRST analysis and analyzed their correlators in flat space, 
showing them to lead to Berends - Burgers - Van Dam type ]35| cubic spin 3 interactions 
^, [0, @, @, H, 0, @, @, 0, gl, @, 0, [0 in flat space. In the current 



paper we extend this analysis using the sigma-model approach ]3(J in order to study the 
AdS deformations of these cubic interactions and their relevance to higher spin holography 

H, H3, Ip], , in the context 



r§, pi, 0, H, B B B m 



problem 

of Q. We find that, in the leading nontrivial order in the cubic spin 3 interaction 
reproduces the correlators of the operators of type (1) in the free field limit of the U(N) 
model in d = 3. In particular, in this limit the cubic spin 3 interaction is dominated by 
the 9-derivative terms, while the lower derivative terms (posing a potential threat to the 
holography) are absent as their cancellation is ensured by the ghost number selection rules 
for the vertex operators and by the value of the Liouville background charge (q = yf ) in 
d = 4. The terms with the lower number of derivatives, however, are generally present in 
the sigma-model for d ^ 4. In addition, in the d = 4 case these terms may still appear 
in the higher order corrections in a' (corresponding to jj corrections in the dual theory). 
Next, it is the momentum behaviour and the pole structure of the string-theoretic spin 
3 amplitude in the sigma-model that corresponds to the field-theoretic pole structure of 
the 3-point amplitude of the operators (1) of the dual theory in the momentum space. In 
the following sections, we shall use the AdS string sigma-model to perform the explicit 
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computation of the 3-point correlators using the vertex operators for spin 3 fields in the 
frame-like formalism (in the leading nontrivial orders in A and a') and discuss physical 
implications of our results. 

2. Sigma- Mo del for AdS Strings and Vertex Operators 
for Frame-like Higher Spin Fields: a Brief Review 
The sigma-model for AdS strings constructed in |3(J is based on hidden space-time 



symmetry generators in RNS superstring theory. Namely, consider the RNS superstring 
theory in flat space with the action given by: 

SrNS = Smatter + Sbc + Sr^ + Sl 



1 < ,2, 



ouville 

Smatter = ~ J d' z{dX m dX™ + ^ m d^ + $ m d$ m ) 

Shc = 2~k / < ^ z ^ c + bdc) (2) 

SLiouvMe = ~ J d 2 z(d<pd<p + dXX + dXX + fi e Blfi (XX + F)) 

where A, F are components of super Liouville field and the Liouville background charge 

is 

„ „ 1 l9-d 
q = B + B- 1 = \l— (3) 

The ghost fields 6, c, (3, 7 are bosonized according to 

6 = e - <T ,c = e <J 

7 = e^~ x = e^r] (4) 
p = e x ~^dx = die~^ 

and the BRST charge is 

Q = Qi+Q 2 + Qs 

/dz 
— (cT-bcdc) 

Q2 = ~\ j ^{l^mdX™ - qdX) 



(5) 



4 / 2m 



Then, in the limit — > the action (2) is symmetric under the global space-time trans- 
formations generated by 

T m = —K o I dze^(Xd 2 X m - 2d\dX m ) 

P 1 r (6) 

T mn = K o j> dz^ m ^ n 

where the homotopy transform of an operator V K o V is defined according to 
KoV = T+ tl)l l^L(z-w) N :Kd N W:{z) 



where w is some arbitrary point on the worldsheet, U and W are the operators defined 
according to 

[Q brs t,V(z)]=dU(z) + W(z), (8) 

K = ce 2x ~ 2 ^ (9) 

is the homotopy operator satisfying {Q brst ,K} = 1 and iV is the leading order of the 
operator product 

K( Zl )W(z 2 ) ~ ( Zl - z 2 ) N Y(z 2 ) + 0(( Zl - z 2 ) N+1 ) (10) 

The operators T m and T mn then can be shown to satisfy the AdS isometry algebra with 
the cosmological constant A = — \ |3(| : 



[T a b, T cd ] — rj ac T bd — rj ab T cd — rj cd T ab + r\ bd T ac 

[T , T bc ] = r] ab T c - r] ac T b 

[T a , T b ] = ^T ab 

P 2 

The minus sign in the last commutator is actually highly nontrivial and is related to the 
subtleties of OPE and picture equivalence relations analyzed in |30[] . The AdS isometry 
algebra (11) also admits another realization in terms of the operators (S m ,L rnn ) where 

L mn = K o T mn = K o I ^-^ m ^ n (12) 



is the same full rotation operator (6) (where the Ko represents the homotopy transfor- 
mation to ensure the BRST-invariance) while S m is the homotopy transformation of the 
operator § 4^^™ re P resen ting the rotation in the Liouville- matter plane: 

S m = K o p- 1 I —\ij; m 
J 2in 

= p~ l I — [\ip m + 2ce*-^(dy?V m - dX m \ - qP^ip 171 ) - Adcce 2 *' 2 ^ \ip m ] (13) 

= -4{Q,p~ 1 f £Lce*x-*+Xil> m } 

J 2Z7T 

The conformal weight n polynomials P^ +bx+ca (where a, 6, c are some constants) are 
defined according to 

p(n) -a</>(z)-b X (z)-ca(z) ^_a<f>{z)+b X (.z)+ca(z) (ta\ 

r a4>+b X +ca- e ^ \ X *J 

(with the product taken in algebraic rather than OPE sense) 

Starting from the symmetry generators (6), (13), one can construct the closed string 
vertex operator describing the dynamics of vielbeins and spin connection gauge fields in 
space-time |3(] 



G(p) = e a m (p)F a L™ + -Hj£(p)(FTL a - \F ab L m ) + c.c. (15) 



where 



F m = -2K Vl o J dz\iP m e ipX {z) 



U x = \^ m e ipX + | 7 A((#)Vm -VmP£l x )e ipX 



(16) 



or manifestly 



F m = -2 f dz{\^ m (l - 4dcce 2x - 2 ^) + 

. J (17) 



2ce*-*{\dX m - dtpiPm + qip m p£2 x - ~((p$)ip m ~ PmP^ x ))}e tpX \z) 

where the partial homotopy transform T— >L = Ky o T of an operator T based on T is 
defined according to 

L(w) = K r oT = T+ t^L I^( z -w) N : Kd N T : (*) 



1 f dz 



where N is the leading order of the OPE of K and T. Particularly, if [Q, T] = § T, the 
partial homotopy transform obviously coincides with the usual homotopy transform. Next, 

L a = I dze-^{WX a - 2d\dX a 

(19) 

+ip a (-B 2 X + -d<pd\ - -X(B^) 2 + (1 + 3q 2 )X(3d^ b - —B 2 ^))}e ipX 
z q z 

at the minimal negative picture —3 representation 
and 



(22) 



L a = K o I dze^{Xd 2 X a - 28XdX a 

(20) 

+ip a (\d 2 X + -dipdX - \x(B$) 2 + (1 + 3q 2 )X(3dij b ij b - ^-B 2 <p))}e ipX 
z q z ^Q. 

at the minimal positive picture +1 representation, (similarly for its holomorphic counter- 
part L a ) Then, 

-Tma — r ma ' r ma ' r ma K^ 1 ) 

where 

F« = -4qK U2 o J dzce^XiPmiPa 
U 2 = [Q-Q^ce^X^ a e^ x ] - % -cX{{p^ a ii m -p m ij a p£} x y pX {z) 

= K o J dz^ a e^ x = -4{Q, J dzce 2 ^e ipX ^ a {z)} (23) 

and 

F£l = K o J dze*(^ [Tn d 2 X a] - 2d^ [m dX a] )e^ x {z) (24) 

In the limit of zero momentum the holomorphic and the antiholomorphic components of 
the operator correspond to AdS isometry generators in different realizations, described 
above. The BRST invariance imposes the following on-shell constraints on vielbein and 
connection fields: 

P ln e b m] (p)-u b ^(p) = 

P[.<(P) = 
P m e b m(p) = 
p m u^(p) = 
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The first two constraints represent the linearized equations R AB = (the first one being 
the zero torsion constraint T a = R ad = while the second reproducing vanishing Lorenz 
curvature R ab = 0) . The last two constraints represent the gauge fixing conditions related 
to the diffeomorphism symmetries. The fact that the BRST invariance leads to space- 
time equations in a certain gauge is not surprising if we recall that similar constraints on a 
standard vertex operator of a photon also lead to Maxwell's equations in the Lorenz gauge. 
Provided that the constraints (25) are satisfied, the vertex operator G(p) can be written 
as a BRST commutator in the large Hilbert space plus terms that are manifestly in the 
small Hilbert space, according to 

G(p) = {Q,W(p)} + ^Kou% J dze^^ m d 2 X a] -2diP [m d x )e ipX (z)L b + c.c. 

W{p) = 8e a m (p)L a J dzcdtfe-^XiP 



(26) 



m ipX 

- j dzcd^e- 2 Ua^ m e tpX 
+4 J dz(z - w)dccd 2 td^e-^\ipaip m e ipX ] 

This particularly implies that , modulo gauge transformations, the vertex operator G(p) 
is the element of the small Hilbert space. 

The linearized gauge symmetry transformations for vielbein and connection gauge 
fields are given by: 

Se a = d o a + o a 

27 

5u% = d m p ab + p^5 b l 

where we write p AB = (p ab , p ad ) = (p ab , p a ) The variation of G(p) under (27) in the 
momentum space is 

SG(p) = p m F m L a p a + p m F ma L b p ab (28) 

The two terms of the variation (28) are BRST exact in the small Hilbert space (and 
therefore are irrelevant in correlators) since 

p rn F m = {Q,:T:(w)[Q,ZA}} 

/(29) 
dze x ~ 3<f> dx((pdX)X - (pj)d<p + {p^)P^\ 1+q)x )e ipX 

and 
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p m F£l = 4q[Q,T(w) J dzce^d^^aip^e 1 ^} 

p m F^ = {Q, : T : (w) [ dzd^{{mdX a - {pdX)^ a )e^ x } 

J , (30) 

p m F£l = {Q, [K o J dzXiPae**, B}} 

B = J dzd£e-^[\{d$d 2 X) - 2d\{{^d 2 X) - 2(difdX))] 

Therefore gauge transformations of e and to shift G(p) by terms not contributing to 
correlators. The G(p) vertex operator, which construction is explained above, describes 
the dynamics of spin s = 2 massless field in the closed string spectrum, in terms of vielbein 
and connection gauge fields. Note that, despite the fact that the unperturbed theory has 
been originally defined in the flat space, in the perturbed theory (which flows to the AdS 
vacuum) the distinction betwen the tangent indices a, 6, ... and the manifold indices m, n, ... 
is ensured by the corresponding operators of the F m -type and L a -type being the elements 
of different ghost cohomologies and having very different on-shell constraints and gauge 
symmetries. In the leading order, the vanishing 6eta-function condition for the sigma- 
model, fiven by the RNS action perturbed by the G(p) -operator (15) leads to space-time 
equations for u and A, given by [jST 



R ab = du ab + (uAu) ab -^e a Ae b = (31) 

and 

de a + u ab A e h = (32) 



with the solution given by the AdS vacuum ||31|| . From the 2-dimensional point of view 
this means that the RNS theory, initially defined in the flat space and perturbed with 
G(p), flows to new fixed conformal point corresponding to theory in the new space-time 
background, namely, AdS. The next step is to introduce the higher spin excitations. 
The vertex operators, describing the dynamics of the massless higher spin s > 3 fields 
in Vasiliev's frame-like formalism, can be constructed in the open string sector of the 
extended RNS superstring theory. Such a construction has been recently performed in [S3]. 



In the frame-like approach, the spin 3 field is described by the dynamical space-time field 
Co) 2 ' = u^, as well as by two auxiliary fields a; 2 ' 1 = and co> 2 ' 2 = u°^ ca \ related to a; 2 ' 



by generalized zero torsion constraints []34j 



The vertex operators for the dynamical o; 2 '°-field for the massless spin 3 are given by: 
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V ( ~ 3) = H abrn (p)ce-^dX a dX b ip m e ipX (33) 
at unintegrated minimal negative picture and 

V = K o H abm (p) j dze <t> dX a dX h ip m e ipX (34) 

at integrated minimal positive picture +1. These operators are the elements of supercon- 



formal ghost cohomology H\ ~ |34| The vertex operators for the first auxiliary field 

a; 2 ' 1 are given by 



V^\p) = 2u a ^ c (p)ce-^{-2d^ c dX {a d 2 X b) 
-2di) m d^ c dX a dX b + ii m d 2 i) c dX a dX b )e ipX 



(35) 



at negative (unintegrated) representation and 



V^\p) = 2u^ c (p)K o idze 2 ^-2d^ c dX {a d 2 X b) 

J (36) 

-2d^ m d^ c dX a dX h + ij m d 2 ip c dX a dX b )e ipX 

at the positive (integrated) representations. The operators (35), (36) are the elements 
of H2 ~ -ff-4; the cohomology constraints for V± (p) lead to generalized zero torsion 
constraints relating a; 2 ! 1 and u; 2 ' : 

< &|C = 2P C < & -P a < c (37) 

modulo BRST exact terms in small Hilbert space. The vertex operators for the second 
auxiliary field a; 2 ' 2 are given by 

V 2l2 (p) = -Zu a ^ cd {p)ce-^^ m d 2 ^ c d^ d dX a dX b - 2^ m d^ c d 3 ^ d dX a d 2 X b 

5 57 (38) 

+-^ rn d^ c d 2 ^ d dx a d 3 x b + —^ m d<ii; c d 2 ^ d d 2 x a d 2 x b y pX 

o lb 
at negative (unintegrated) representation and 

Vl ]2 (p) = -3u^ cd (p)K o <f dze 3 ^(tp m d 2 tp c d 3 ij d dX a dX b - 2<iJj rn diJj c d 3 ij d dX a d 2 X b 

5 57 (39) 

+ -iP m dijj c d 2 i(; d dX a d 3 X b + —^ m d^ c d 2 ^ d d 2 X a d 2 X b y pX 
8 16 
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2 1 2 

at positive (integrated) representation. The V± operators are the elements of H3 ~ 
and the cohomology constraint leads to the second generalized torsion condition relating 
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(p) and u 2][1 (p) up to BRST exact terms: 

u ab\cd = 2p d u ab \ c - p a u bd \ c - p b u ad \ c + 2p c u abld - p a u bcld - p b u ac \ d (40) 



. Combining the AdS sigma-model construction [30] with expressions for vertex operators 
describing the higher spin excitations in unfolded formalism, the generating functional for 
the model describing the higher spin dynamics in AdS space is given by 

Z(4,,<^-'l',p) = / D(X,^, J w S )e- S - + /» (OM+ S.E;:o 1 »-'"^-'"W> 

(41) 

where {uj s ~ 1 ^} is the set of dynamical and auxiliary fields for the spin s > 2 and V s ~ 1)[t 
are the corresponding massless vertex operators in open string theory In this paper we 
shall restrict ourselves to the spin 3 case. The correlation functions describing the higher 
spin interactions in the AdS space are then given by 



du^-^( Pl )...du^-^(p N ) lu}S1 ~ Vtl = '-^ N ' N=0 

(42) 

In the rest of the paper, for the sake of the holographic context, we shall assume that 
all the operators of the <i-dimensional non-critical superstring theory are polarized along 
the d — 1-dimensional subspace and also propagate in this subspace corresponding to the 
underlying AdSd boundary, unless stated otherwise. 

Perturbation expansion in the powers of then describes the AdS deformations of the 
higher spin interactions in terms of a' and the cosmological constant A in the frame-like 
formalism. In the next section we shall use the generating functional (41) in order to 
compute the AdS deformations of the 3 — vertex for the spin 3 fields in the first nontrivial 
order in A and to analyze their relevance to the CFT correlators in the dual model. 
3. Holographic Spin 3 Vertex in AdS background: preliminaries 



In the previous work [34] we computed the three-point function of the spin 3 vertex 
operators (33)-(40) in open string theory in the flat space, showing it to reproduce the 
Berends-Burgers-Van Dam (BBD) type of interaction vertex in space-time |35|] for spin 3 
in the frame-like formalism. To compute the AdSa deformations of this vertex, one has to 
expand the functional (41) in powers of ^, that is, G(p). The result significantly depends 
on the number of space-time dimensions since G(p) expression (15) depends manifestly on 
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the Liouville background charge. Since G(p) operator for vielbein and spin 2 connection is 
a closed string excitation and spin 3 fields vertex operators are in the open string spectrum, 
the leading order contribution to the Arf^-deformation stems from the amplitude on the 
disc. Furthermore , it is clear that the contribution linear in in the spin 2 connection u>^, 



the Liouville superpartner A, i.e. is proportional to the vanishing one-point function of A. 
Similarly, all the contributions proportional to odd powers of p _1 or half-integer powers 
of A vanish as well, since they all are given by the correlators containing odd numbers 
of A insertions. For this reason, the first nontrivial leading order contribution to the disc 
correlator is proportional to the AdSa vielbein field e^ n {p) and is of the order of p~ 2 . This 
is the contribution given by the 4-point function on the disc, equivalent to the five-point 
function on the sphere. The ghost number selection rule therefore requires that the overall 
left+right 0-ghost number carried by the correlator equals to —2. This selection rule 
particularly makes it convenient to take two spin 3 operators at the w 2 ' representation 
and at the negative unintegrated ghost picture —3 representation (33). It is convenient to 
locate them at the points = ±i on the disc. The third spin 3 operator is convenient to 
take at the u; 2 l 2 -representation (39) and at the minimal positive integrated ghost picture 
+3 representation. The ghost number selection rule then requires that the all the AdSd 
transvection L m -type operators in the G(p) insertion must be taken at positive +1 picture 
representation while the transvection F a -type or the rotation F a ^-type operators entering 
G(p) must be taken at picture (the latter do not of course contribute to the leading order 
for the reasons described above). The G(p) operator is also integrated over the interior 
of the disc. Finally, it is convenient to present the manifest form of the transvection type 
operators entering G(p) and of the integrated spin 3 operator for w 2 l 2 , upon applying all 
the relevant homotopy /partial homotopy transforms: 



which has the order of p 1 ~ y/X vanishes since the corresponding correlator is linear in 




(43) 



2ce x - <t> (\dX m -dipi(j, 



m 



+ qip m P, 



>(1) 

4>-x 



\{(p^ m -p m P£l x ))}e ipX {z) 



and 





(44) 



+(1 + 3q 2 ) A(3c>^ 6 - -UV)) + ce*G< 4 > (0, X , V>, A, <p, X)}e^ x {z) 
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where u is an arbitrary point which choice is irrelevant to the correlators since all the 
u-derivatives of L a are BRST-exact in the small Hilbert space ]53|]. For our purposes, it 



shall be particularly convenient to choose u = — i on the unit disc boundary. Finally 

V? 2 {p) = -3u^ d {p)jdz{z - uf{{^P^_ 2x _ a - 28dcce 2 ^) 
x(i; m d 2 ^ c d 3 i; d dX a dX b - 2^ m d^ c d 3 ^ d dX a d 2 X b 



57 

+ -if) m di/) c d 2 i/) d dX a d 3 X b + —if) m dif; c d 2 if) d d 2 X a d 2 X b) 



(45) 
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+ce^ +2( t'G {12 \ ( j ) ,xA,\^X)}e^ x 



where {(f), x, ip. A, X) and G^ 12 ) {(f), x, if), A, X) are certain operators of conformal dimen- 
sions 4 and 12 accordingly, depending on derivatives of the matter and Liouville fields X, <p, 
bosonized ghost fields (p an d X an d also on A, if> and their derivatives. The manifest form 
of these operators is irrelevant to us since the pieces proportional to ~ ce x in L a and to 
~ ce x+2<t> in V+ 2 {p) don't contribute to the overall correlator due to the ghost number 
selection rules. Similarly, the selection rules exclude the pieces proportional to ~ dcce 2x ~^ 
and ~ dcce x+2< ^ in the expressions (44), (45) for L a and V+ 2 {p) accordingly. Finally, the 
selection rules leave the only relevant term in the expression (17) for F m proportional to 
~ § dzXipm with all others not contributing to the leading order correlator for the same 
reason. This altogether significantly simplifies the computation of the 5-point correlator, 
making it still cumbersome but not anymore insurmountable. 

4. Holographic Spin 3 Vertex in AdS background: the computation 
Using the results of the previous section, it is now straightforward to identify the 
correlator giving the AdS deformation of spin 3 vertex in the leading order: 

x{< j d 2 z{z-u) 2 {e^p!$_ 2x _ a {\d 2 X a -2d\dX a ) 
+ip a {-d 2 X + 3(1 + 3q 2 )Xd^ b )e ipX (z)X$ m e ipX (z) + c.c.} 

J dr{r - T 1 fP^_ 2x _ a c^{^ m d 2 ^ c d^ d dX a dX b ( 46 ) 

-2^ m d^ c d 3 ^ d dX a d 2 X b 

5 57 

+-ip m dif; c d 2 if; d dx a d 3 x b + —,f) m d^ c d 2 ^ d d 2 x a d 2 x b y^ x {T) 

8 16 

ce-^^ mi dX ai dX bl e lk ^ x {r^ce-^^dX^dX^e 1 ^ {t 2 ) >} 
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where t\ = — i,r 2 = i, the r-integration is over the disc boundary and the ^-integral is over 
the interior of the disc. In order to simplify the computations, the useful strategy is to 
first perform the conformal transformation from the disc to the upper half-plane using 

1 z + i , 
: (47) 

2 z — i 

. Then the integrand of the correlator (46) can be computed on the half-plane and then 
integrated in r (which, upon the conformal transformation, becomes the integral over the 
real axis). Having done that, we shall conformally map the obtained expression back to 
the disc, in order to perform the z-integration over the disc's interior. So we start with 
the first step, that is, computing the integrand of (46) on the half-plane. 

The contributions to this correlator are factorized in terms of ghost, ip— A and X-parts. 
Let us start with the ghost part, given by 

A gh {r,z^r 2 ) =< e^P^{T)e^P^ 2 ^ 2x . a (z)ce-^{r 1 )ce-^{r 2 ) > (48) 

Note that, upon the conformal transformation (47) we have T\ = 0, t 2 — > oo, so as usual, 
we only need the leading order of this correlator in t 2 (all others shall result in expressions 
with negative powers of r 2 in the overall correlator, vanishing in the limit r 2 — > oo and cor- 
responding to the pure gauge contributions) This means that we only should consider the 
contractions of the ghost polynomials P 2 ^- 2x - a {z) and P 2 ^- 2x - a (T) between themselves 
and with the ghost exponents e 3 ^(r) e cr_3 ^'(ri) and e^(z). First of all, we note that (as it 
is straightforward to check) the contractions between the ghost polynomials are limited to 

p(2) ( x p (6) / x _. p (2) , )p (6) , s . 

12 (z)P {5) (t) (49) 



( z _ T }2 2<P-2 X -<r^ J 20-2x-cr 

Then correlator (48) can be computed using the associate ghost polynomial (AGP) tech 
nique, explained in ]34]]. The table of the relevant associate ghost polynomials for P 2 J_ 2x _ c 
is straightforward to compute and is given by (using the same notations as in |34j] ) : 

p0|6 

24>-2x-o-\a-3(f> u 

pl|6 -6'P (1) 

ip2|6 _5 g |p (2) 

1 - r 20-2x-cr|o--30 ~ 2 20-2x-o- 
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p3|6 _ 5 ( 3 ) 

r 24>-2 x -o\o-Z4> 3 A y) - r 24>-2 x -(T 

p4|6 _ j>_ g |p (4) 



3 5|6 

2<?!>-2x-o-|cr-3^ 



211 x 6!R (5) 



24 



3 6|6 

2^-2x-cr|cr-3(^ 



p0|6 

jr 2 fl i-2x-<T|^ 



2^-2 x -o- 
7! 



pl|6 

jr 2^-2 x - f r| 



-6 x 6!PW 2x _ CT 



p2|6 _ & 6 , p (2) 



p 3|6 

jr 2^-2 x - f r| 



3 2<£-2x-<t 



p4|6 _ 1 g |p (4) 



p 5|6 

^2^>-2x-<t| 



- x 6' P (5) 

2 D - jr 2<^-2 x - f T 



p6|6 p (6) 
r 24>-2 x -cj\4> r 24>-2 x -o 



3 0|5 

2<^-2x-cr|cr-3<^ 



= 5! 



P l|5 

2^-2x-cr|<r-3^ 
-.215 



= 5 x h\P. 



(i) 



2<^-2 x -o- 

- r 20-2x-o-|cr-3<^ — d x °- r 2^-2x-<7 



3 3|5 

2<^-2x-cr|cr-3<^ 



= ? x 5!P/ 3) 



2<^-2 x -o- 



3 4|5 
2^-2x-cr|cr-3<^ 



= A x 5!P/ 4) 



24 



2^-2x-cr 



D 5\5 
2<j>-2x-cr\a-3<t> 
p 0|5 



= P. 



(5) 



2 0-2x-o-|0 



2<^-2 x -o- 

= -6! 



P. 



1|5 



20-2x-<t| 
,2|5 



= — x 6!P, 



(i) 



24>-2 x -o 



24>-2 X -cr\4> 



3 x 6!P, 



(2) 



2^-2x-<r 



p3|5 _ _19 , (3) 

r 24,-2 x -a\4> 12 "• r 24,-2 x -o 

p4|5 _l^ x6 lp(4) 
r 2<$>-2 x -o\4> 24 ° 24>-2 X -a 

p5|5 _ p (5) 

jr 2^»-2 x -o-|^ jr 2<^-2x-o- 



(50) 



Using (49) and the table (50) the ghost correlator (48) is straightforward to compute and 
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is given by: 

1 



Um^ooAghir, z, n, r 2 ) = r|(r - Txf{z - ri) 3 (r - z) 



2!6! 



rr 21 10 30 . r 7 30 

x{[7— + TI 7T7 + 7Z 7777 J >< 



(t — z) 2 (ti — z) 2 (t — z)(z — t\) (t — z) 6 (t — z) 5 (t — ti) 

50 40 15 2 

+ (t-z) 4 (t-t 1 ) 2 ~ (r-z) 3 (r-n) 3 + (r - z) 2 (r - n) 4 ~ (r - z)(r - n) 5 J (51) 

1,6 5 , r 6 75 360 

■(— — + — ) x [-7— -7? " 71 7717- _ x + 



(r — ^) 2 r — 2 z — n (r — z) 5 (r — z) 4 (r — t±) (t — z) 3 (t — ti) 



2 



570 390 1 
+ ~, w rr + 



(r - z) 2 (t - ri) 3 (r-2)(r-ri) 4 (r - T h 



5 J 



This concludes the calculation of the ghost factor of the overall correlator (46). Next, we 
shall consider the matter factor of the correlator (46). Structurally, the G(p) insertion 
contributes two different matter pieces: the first resulting from the L a -factor of G(p) 
containing the matter factor proportional to ~ \d 2 X a — 2d\dX a + ^p a d 2 X with no 
^-dependence and the second one stemming from the •i/'-dependent piece of L a proportional 
to ~ (3 + 9q 2 )p a \dipbip b - Second, the matter part of the V+ 2 consists of two terms 
of the type d^X a3 d^X b3 d^iP ms d^ip C3 d^ip d3 with M 1>2 ranging from 1 to 3, 
-Pi, 2, 3 ranging from to 3 and satisfying M\ + M2 + P1+P2 + P3 = 7. The structure of the 
spin 3 interaction is determined by the ^-contractions between themselves and by the X- 
contractions between themselves and with the exponents. The total number of the X-fields 
in the correlator (46) is equal to 7, so generically, their contractions with the exponents 
may bring from 1 to 7 derivatives in the cubic vertex. Since the a; 2 ' 2 field already contains 
two derivatives, the possible types of X-contractions result in interaction terms with the 
number of derivatives ranging from 3 to 9. The 9-derivative contribution with maximum 
number of derivatives (corresponding to the case when all the X-derivatives contract to 
the exponents) is of particular interest to us since, in the case of AdS±, this contribution 
is related to the holographic correspondence with the d = 3 vector model correlator of the 
type 

A(x u S 2 ,x 3 ) =< ^/^^^^(xO^j^aa^^- 7 ^)^^^^^^) > (52) 
in the dual vector model; note that 

< $ i Q i (x 1 )Qj& j (x2)QkQ K (x 3 ) >~ N\x! -f 2 |"Vi — x 3 | _1 |^ 2 -^sl" 1 - (53) 
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So let us concentrate on the 9-derivative case first and on its relevance to the 
ACIS4/CFT3 duality. Since we are interested in relating the string theory correlator (46) to 
the d = 3 correlator of the type (52) with the generic set of indices rrij, cij, bj(j = 1, 2, 3), 
not all of the ip- contractions are actually relevant to us. Some of them would result in 
appearance of the scalar products of the momenta in the 9-derivative contribution. Such 
terms are of no interest to us since, in the duality context, they would correspond to special 
degenerate correlators in d = 3 where the polarizations of d = 3 operators at ^1,2,3 are 
contracted along one or more mutual directions. On the other hand, we are interested to 
investigate the relevance of the string correlator (46) to the most general form of the d = 3 
correlator (52), i.e. in the case with no contractions among rrij, dj, bj indices with different 
j. Furthermore, we assume that all the indices are polarized along the d = 3 boundary 
of AdS±. With all these constraints imposed, it is straightforward to check that the only 
relevant 9-derivative contributions to the correlator (46) stem from the the second part of 
G(p)-insertion containing L a 2 -factor , while the first one, with the La ^-factor, only gives 
rise to degenerate terms with rrij, dj, 6-,-contractions. The reason is that the -^-correlator 
pattern for all the terms involving L a X \ has the form 

lim^oo < ^ m3 a( pi V C3 5 (p2 V d3 (^)^ m (^)^ mi (n)^ m2 (r 2 ) > 

r ,m2mz r ,dzm r ,czmi r .rri2m 3 n c 3 m n d 3 mi 

(54) 

leading to unwanted degenerate contractions because of the common?]™ 2 " 13 factor. 
Straightforward computation of the relevant matter (X + ^)-part of the integrand of (46) 
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involving L y a then gives 



xr 2 " 4 x {12[*_**_»( — — ) 2 + fc 3 a3 ^3 3 (^- + ^-) 2 

r — Tl r — 2 T — Z T — Z T — z 

-(*_»*_» + )(-^— - - - i -)(- i 7 + 

T — Tl T — Z T — Z T — Z T — Z 
2^mm 2 ^cmx ^m 3 d r ^mm2^dm 1 ^m 3 c 

X[ (r-n) 3 (r-z) 6 ~ (r-n) 4 (r-z) 5 

^mm 3 ^cmi^m2d ^cm 2 ^mi d 

+ (t-t_) 3 (t-z) 5 (z-z) ~ (r - n) 4 (r - z) 4 (r - I) ] 

— 12[/c 2 3 /c 2 3 ( _)(- — — - — — - 3-2) 

r — ri r — 2; r — z (r — t\) z (t — zy (r — z) z 

+^3^3 3 (^- + - 1 -)(7- J -^+ ' 



't — z t — z (r — z) 2 (r — z) 2 
- k 2 3k s(j^^ ~ Ty^TJ ~ (7^I) )( (t-z) 2 + (r-z) 2) 

-*- 8fe S 3 ( (r _ ri)2 - j-—-^ ~ j—^^— + 73-)] 

X[ (r-n) 2 (r-z) 6 + ( r -ri) 2 (r-z) 5 (r-z) ~ (r - n) 4 (r - z) 3 (r - I) ] 
+ 2[ /c 2 3 ^2 3 (^3^ " " 7ri)(( r _ Tl )3 " ( r _ 2 )3 " ( r _ f )s) 

+A;«3 A .63( J_ + -J— )( 1 + 1 ) 

3 3 V-z t - z' \t - zf (r - z) 3 
- k 2 k z( {j _ Ti) ~ Ty^TJ ~ (7^i) )( (r-z) 3 + (r-z) s) 
-^3 3 ^ 3 ( (t _ Ti)3 " ( ___ )3 ~ (r _^ )2 )(— + 73-)] 

^mm 2 jjCmi ^m 3 d ^mm 3 ^cmi ^m 2 d 2fj rnm 3 ^ cm 2^«H d 

X[ (r-n) 2 (r-2) 5 + (r-r 1 ) 2 (r-2) 4 (r-z) ~ (r - n) 3 (r - z) 3 (r - I) ] 

+yfe a3 ^ 3 ( (r _ ri)2 - 7737^ - (7^if )2 

+/c 3 3 ^ 3 (^3^ + (7— y^) 2 

+ + fc«3 A .63 )( ___ _ _____ _ ____)(____ + __ _)] 
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^mm2^cmi^m 3 d ^ r jmm 3 ^dm 2 ^m 1 c 2'q rnrn 3<qCrn2 r jm 1 d 

X + (t-Ti) 2 (t-z) 4 (t-z) ~ ( r _ Tl )2( r _ z )4( r _ f) ]> 

X {[^^(-J- + - J- + + k^{-^- + —^—Y 

T — T\ Tl — Z T\ — Z T\ — Z T\ — Z 

Hk^kt 1 + k^k b ^){—^— + - 1 — + + _J_)] 

Vi 6 6 w r-n n-z ti-z ti-z Ti-z n 



(55) 



/\ 1^1 \ tv<2 ^ 1 2 1 1 J — / 

Z — Z 

x | r _ z |-2fcifc 2 -2fcifc 3 ( T _ Tl ) fc i fc 2| Tl _ 2 |-2fc 1 fc 2 -2fc 2 fc 3 + 0(r 2 " 5 ) 

where we used the momentum conservation along with the on-shell conditions on the space- 
time fields. The next step is to perform the integrations in r and z. We start with the 
integral over r which, upon the conformal transformation (47), is along the real line. As 
was mentioned above, a convenient choice for n is t\ = —i on the disc corresponding to 
Ti = on the half-plane. The overall integral is given by 

A(p;k 1 ,k 2 ,k 3 ) = ^ J drr 6 J d 2 zz 2 {A matt er(T, z,z)A gh (r, z)} (56) 

where 

Amatter(T , Z, z)A gh {r , z) = A matter {j , Z, Z,T 1 ,T2)A gh (T , Z, Tl , T 2 ) | Tl =0 ,t 2 ^oo (57) 

and we used the fact that the leading order ~ r^-factor of the ghost part of the correlator 
is cancelled by the leading order ~ r 2 _4 -factor of its matter part. The r integral in (46) 
looks tricky to evaluate. However, for our purposes we only need its asymptotic value in 
the field theory limit, that is, in the leading order of a'. In this limit the r integral is 
dominated by contributions from the region r ~ z as the integrand becomes singular when 
z approaches the real axis. In this case, we shall use the asymptotic formula 



lim e ^o j ' dr J d 2 zf(z,z)g(T, z)(t - z) 

f 1 \ iV — 1 r 

{N _ iy J J d 2 zf{zrz)d^g{zrz) + 0{e)} 



(where e = —kik 2 — kiks = k 2 ks) The result (which is valid up to subleading a'- 
corrections) is given by the lengthy expression (function in z and z) presented in the 
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Appendix. Finally, it remains to evaluate the ^-integral of (62), (63). The integrand of 
(63) is cumbersome but structurally all of the terms are of the type: 

I{k 1 ,k 2 ,k 3 ) ~ (feifea)" 1 ^^"* 2 * 3 ^ 1 ^"* 1 * 2- * 1 * 3 ^ 3 ^-^)"* 1 * 2 "* 1 * 3 "^ 3 +cc.} 

(58) 

where N\ j2j3 are some integer numbers, different for each of the terms entering (63). The 
integrals of the type (58) are over the upper half-plane and are still tedious to evaluate.lt 
is therefore convenient, by using the overall conformal invariance of the overall correlator 
(46) to conformally map it back to the unit disc (z, z) — > (w, u) and introducing u = re lot 
for the disc coordinates. Then, the transformation (47) reduces the integrals of the type 
(58) to those of the generalized elliptic type: 

I(k u ki, k 3 )~2~ N *- N * f 1 drr fil ~ 1 ) )iv 1 +iv 2 -iV3-2fe 1 fc 2 -2fc 1 fc3-2fc 2 fc 3 

Jo \ r + 1) 



/ da(l + -^—cosa)- klk3 - k2k3+Nl (l - -^—cosa)- klk2 - k2k3+N2 
J Q r 2 — 1 r 2 — 1 

+ (N l ^ N 2 ,k 2 ^ k 3 ) 



(59) 



The overall amplitude (46) is then given by the lengthy expression (63) described in the 
Appendix; the answer, however, simplifies in the field theory limit of a' — > Integrating 
the amplitude (46) over k\,k 2 , k 3 and p, using the momentum conservation in the 5-point 
amplitude that eliminates the integral over p, the asymptotics of (46) in the field theory 
limit gives: 

A(h,k 2 ,k 3 ) ~ (feifea)- 1 ^!^)-^^^)- 1 ^ 1 ^!)^^)^^^) 

x {k? 1 (k 2 ) ai (k 2 ) bl (A; 3 ) ma (h) a2 (k 3 ) b2 (h)^ (h) a3 (k 3 ) b2 (60) 
+kP (k 3 ) ai (h) bl (k 3 ) m2 (k 3 ) a2 (k 3 ) b2 (k 2 ) m * (k 2 ) a3 (k 2 ) b2 } + ... 

where we skipped the contact terms (proportional to the delta-functions in the position 
space), used the zero torsion conditions (37), (40) relating u; 2 ! 2 to a; 2 ' along with the on- 
shell conditions for w's and neglected the contributions in the subleading order in a'. 

This , up to an overall normalization and the contact terms (proportional to the 
delta- functions in the position space), coincides with the correlator (52) transformed to 
the momentum space. 

Next, evaluating the lower derivative terms in the amplitude (56) gives the answer 
proportional to 

Alower-der.(kl,k 2 ,k 3 ) ~ (15 - 6<? 2 ) Ilower-der (h , k 2 , k 3 ) + . . . (61) 
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with the contact terms skipped. The explicit expression for Iiower-der(ki, ^3)) is given 
in the Appendix; (61) particularly implies that, apart from the contact terms, the only 
lower derivative contribution to the overall amplitude (46) is proportional to the factor 
of ~ 15 — 6q 2 which stems from ^-independent and (/-dependent and pieces of 
the closed string insertion for the vielbein vertex operator (satisfying the AdS vacuum 
solution in the leading order of the beta- function). This expression vanishes (up to contact 
terms and those of the higher order in a') in d = 4 where q = y = This 
means that in the special case of d = 4 only the nine-derivative contribution survives in 
the string-theoretic amplitude (46) which gives precise holographic relation between AdS 
string sigma-model (41) in the case of d = 4 and the dual free field theory correlator (53) 
in d = 3 for spin 3. Thus the AdS^/CFT^ holography correspondence for higher spins 
appears to be surprisingly related to the value of the Liouville background charge value in 
d = 4 which stems from two-dimensional CFT. This fact is by itself quite intriguing and 
definitely needs further investigation. 

5. Conclusion and Discussion 
In this paper we analyzed the AdS^/CFT^ higher spin holography using string- 
theoretic sigma-model describing gravity and higher spin perturbations around AdS back- 
ground in the low-energy limit. We found that, in the leading order in a' and cosmological 
constant, the three-point correlator for spin 3 particles in AdS^ reproduces the free-field 
correlator for the large N vector model in d = 3. Surprisingly, we found that this holo- 
graphic correspondence appears to be related to the value of the Liouville background 
charge in d = 4 which allows for cancellation of the lower-derivative terms (up to con- 
tact terms), so the leading order of AdS string theory appears to be in agreement with 
Maldacena-Zhiboedov's proposal JT^], \ T% . One definitely needs to check whether such a 
cancellation also holds for vertex operators for spins greater than 4 and for higher point 
correlators in the AdS 4, case. On the other hand , the lower derivative terms do persist 
in the three-point amplitudes for d 7^ 4. This is the signal that the higher spin / CFT 
holography has more complicated character in higher dimensions, where the dual theories 
are no longer free. Moreover, even in AdS^ the string theory corrections may definitely 
modify the limit in which Maldacena-Zhiboedov's theorem holds. We hope to implement 
these computations in the future papers. The results of this paper suggest that string the- 
oretic approach may provide interesting insights to HS / CFT duality, such as the relevance 
of the Liouville theory to the d = 4 case. It would be interesting to see possible relations 



20 



of this fact to the AGT conjecture since open string amplitudes for spin 1 in the sigma- 
model (41) should particularly involve the super Yang-Mills theory in the low energy limit. 
Another question of immediate interest is to use the sigma- model (41) in order to study 
the AdS^/CFT^ holography for higher spins. To approach this problem, one has to study 
the lower derivative terms appearing in the sigma-model correlators, as well as the higher 
order corrections in the cosmological constant. Finally, in the AdS^/CFT^ case it would 
be of crucial importance to unterstand the relation between string-theory formalism and 



the twistor space approach used by Vasiliev |18[] to study the higher spin holography. This 
relation may probably, in some form or another, involve the modifications of twistor string 



theory developed by Witten [q4| This altogether gives the list of problems to address in 
the future which of course is still very preliminary and incomplete. 
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Appendix 



In this section we present explicit expressions for the amplitude (46) leading to the 
asymptotics (60). To abbreviate the expressions, we adopt the following notations: 



a = z 
b = z 

r = h ai Jc bl 
rl = h ai h bl -I- h bl h ai 

f — h a3 k ba 
n = k as k bs 4- h az h b 3 

— £* ai h bl 

p - v mm 2rj cm lrjm3 d ^ 

q = ^mm 3 ^cmi ^m 2 d 

+ = r| mm3» 1 ™2 mid 
fc — // // // 

v (b a2 b b2 -U -U ^ a2 k &2 4_ £^2 h a2 \ 

A ^rt^ "'l ' 1 ^ 1 2 1 1 / 

Li = k\k 2 + kik 3 
L 2 = kik 2 + k 2 k 3 
L3 = kik 3 + k 2 k 3 

Then the amplitude can be expressed covariantly in a convenient way, suppressing the 

indices, in terms of the variables a, 6, c, d, f, g, h, k, q, t, u, £1,2,3- The evaluation of the r 
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integral then leads to the following answer: 

f fa Lz b L2 
A(k 1 ,k 2 ,k 3 ) = u J dadb{ ^—y^ Tri 

x [a6(-8a 13 (6(3592376/c + 203232c - 470026c/) - 45(1488/c + 122c - 231d))t+ 
24a 14 (1488A; + 122c - 231c/)/ + 106 13 (4£; + c - c/)(-576(-20 + 13b)p 
+38925^ - 299526g - 66270/ + 324486/) + a 9 6 4 (2(6(-27583068£; + 2090940c - 780802c/) 
— 15(— 71416A; + 6175c + 249c/)) - 384((-53420£; + 736c - 491d))p - 2414880£;g+ 
895471326g + 595980cg - 135279486cg - 188055c/g + 89198886dg - 38145120H 
+4421122086*;/ - 6170220c/ + 405071906c/ + 4309920c// - 1114518786c//) + 
a 6 6 7 ((6(36984432£; + 5216119c - 22448132c/) - 30(952240*; + 55785c - 179903c/))- 

384(6(-31790/c + 873c - 13993c/) + 105(-16Jfe + 5c + 26d))p+ 
79359120/cq - 513530406/cg + 4399245cq - 71626866cg 
-12648735c/g + 342539166c/g - 234435600H + 2044182886H 
+8927160c/ - 483537466c/ + 26078880c// - 729247566c//) 
+a 10 6 3 (2(6(37160040fc + 1092363c - 3283276c/)- 
15(114032* + 3351c - 10653c/)) - 192(6(36512*; + 782c - 2099c/) - 30(80/c + c - 4d))p+ 
10582200/cq - 2330996166/cg + 302985cq - 65883246cg - 976095c/g + 201798336c/g 
-102815400*;/ + 12097918886*;/ - 1626570c/ + 301532686c/ + 7224210c// - 596637806c//) 

+a 3 6 10 ((26(21928972/c + 8677069c - 7234681c/)- 
15(1299632*; + 41244c - 216481c/)) - 192(-22800/c + 196686/c - 3540c 
+344116c + 6495c/ - 193396c/)p + 31623120/cg - 637631766^ + 2049300cg- 
286059546cq - 5653440c/q + 222351546c/q - 29434440*;/+ 
371779766*;/ - 1858710c/ + 402766746c/ + 6241860c// - 232237646c//) 

-10a 2 6 n ((6(2054748*; + 414913c - 470605c/) + 
12(-4456*; + 17251c - 7576c/)) - 96(-2688*; + 83326 + 348c 
+25256c + 252c/ - 23696c/)p + 203220/cq - 33672246/cg 
-243405cq - 8659086cq + 7U75dq + 87U07bdq - 695820*;/ 
+31497086*;/ + 203355c/ + 13435416c/ + 57525c// - 11092296c//) 
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-10a6 12 ((-30(12076/c + 3989c - 3504d) + 
136(1044A; + 2573c - 1417d)) + 192(136(60/c + 7c - lid) 
+75(4£; + 3c - 2d))p + 355680/cg + 3912486/cg + 169920cg 
+303426cg - 129420dg - 64077bdq + 135120H - 12553846H - 168120ct- 

1989786ct + 67170dt + 2564126df) 
+a n 6 2 ((6(9576896A; + 246342c - 898206(f)- 
15(15472/c + 542c - 1683d)) + 192(26(c + 194(-20Jfe + (£))- 15(-16fc + d))p 
+696240£;g - 287094006/cg + 24390cg - 7389336cg - 75735dg 
+26934636dg + 18384600H - 1817005766H + 205590ct 
-112894486ct - 556680dt + 62293326dt) + a 4 6 9 ((30(438608/c + 139259c - 170889d) 
+6(31195608/c - 23625295c + 7077692d)) 192(30(496*; - 245c + 130d) 
+6(-109400A; + 42721c + 1074d))p - 34454160£;g 
-507478566fcg - 8345745cg + 360167046cg + 10265985dg - 94339446dg 
+73283520H + 395227286H + 15467220ct - 758276126ct - 19635420dt + 226581106d£) 
+a 5 6 8 ((-30(-993296A; + 65495c + 51431d) + 6(-140574840A; + 8076197c + 20592266(f)) 
-192(-420(-100Jfe + 11c + lid) + 6(-154056/c + 21149c + 35272d))p - 53598240fcg 
+2781657486/cq + 3934800cg - 47261286cg + 2016675dg - 424601496dg 
+63153600t - 4395260246t - 21984180ct + 635706166ct + 8993340dt + 52194190kft) 
+a 8 6 5 ((30(632960/c + 25861c - 55751(f) + 6(-155995128/c - 11490326c + 21567689d)) 
+192(6(42216/c + 6692c - 19703d) - 30(320/c + 23c - 34d))p - 55011960g 
+4418975526^ - 2069865cg + 300493086cg + 4492845dg - 539824086dg + 247050960/ct 
-10757033286fct + 12480240ct - 165423306ct - 12267000dt + 642596246dt) 
+a 7 6 6 ((30(-527920A; + 21473c - 22362d) + 6(109033376 - 1998049c + 328756d)) 
-192(6(225668/c + 1180c - 13133d) - 30(928/c + 22c + 13d) )p 
+27250560/cq - 1321102086/cg - 2015190cg + 46283976cg + 2606355dg - 94313286dg 
-13143120H + 1581215846H - 5041440ct + 23683546ct - 18233580dt + 75056032kfi) 
+a 12 6(120(105076A; + 4767c - 12401d)t + 6(-192(-16 + d)p + 46416kq 
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+1626cg - 5049dg - 347866128H - 12118888c* + 34908536(ft))) 

ha L3 b L2 
+{ 8(a-b) 19 + L i X 

[a6(4a 14 (8462A; + 577c - 1202d)t + 2a 13 (30(8462A; + 577c - 1202d) 
+6(-12742604/c - 632218c + 1559205(f))t + 306 13 (4/c + c - d)((960 - 416b)kp 
+7005kq - 41086/cg - 7260H + 21066JW) + a 9 6 4 (2(46(-1601611/c + 615629c - 659330(f) 
+15(4848*; - 7679c + 6613d)) - 192(-90c + 6(-77608£; + 1129c - 646d) 
+60(81*; + d))p - 348480£;g + 36705972&£;g + 686340cg - 146754666cg 
-583785dg + 15626610&dg - 23306640H + 3899910166H - 3838620ct + 229500926ct 

+3457260(ft - 73172098kft) + 
a 10 6 3 ((6(79470528A; + 2016958c - 6521170(f) - 30(123808 + 3051c - 10481(f)) 

-96(6(40888*; + 780c - 2883(f) - 30(100*; + c - 5d))p+ 
11146320/cq - 2383106886/cq + 274005cg - 60357486cg - 942075dg + 195167496dg 
-77125680H + 8419415846H - 1654440ct + 266089626ct + 5691120(ft - 50462452kft) 
+a 6 6 7 ((6(23733672£; + 3102799c - 8854348(f) - 30(889920/c + 38513c - 122707(f)) 
-384(6(-46491£; + 10514c - 1893(f) + 105(28*; - 5c + 13d))p + 76062960£;g 
-429262566/cg + 3536955cg - 93617106cg - 10353825^ + 176794266^ - 139153920H 
+367751526H + 875940ct - 70235506ct + 12947220(ft - 53022706^) 
+30a& 12 ((136(3084£; + 355c - 563(f) + 160(44*; + 57c - 34(f)) 
-32(45(-4fc + c) + 136(60/c + 11c - 13d))p + 44880/cg 
-1549606/cg - 7500cq - 265986cg - 1860dq + 326696dg 
-193440H + 2463766H - 19440ct + 490106ct + 33900(ff - 55302kZt) 
+a 4 6 9 ((30(443488*; + 70935c - 97085(f) + 6(-1151176/c - 7947881c + 3618600(f)) 
-96(6(143928*; + 7821c - 28474(f) + 60(-512/c + 133c - 2d))p - 35452800g 
+16544646^ - 5650695cg + 117205086cg + 7261695dg - 48657906^ 
+44217240H - 318877606H + 4031520ct + 1008326ct - 5912910(ft + 247636kft) 
+a n 6 2 ((6(9997696/c + 207342c - 832814d) - 1155(224*; + 6c - 21(f)) 
+96(-15(-24/c + d) + 26(-5444/c + c + 193d) )p + 776160/cg 
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-299928486/scy + 20790ccy - 6220656ccy - 72765c/cy + 24985236c/cy 
+11616720/; - 1034951046/ + 249960c/ - 97906706c/ - 410820c// + 60614606c//) 
+a 5 6 8 ((30(314384/c - 51493c + 13147c/) + 6(-69230024/c - 155149c + 9845590c/)) 
+96(210(7c + 40(-5Jfe + d)) + 6(85184*; + 39575c - 45454c/))p - 24069600/cg 
+1727123646/ccy + 3804840ccy + 91019646ccy - 925515c/cy - 267323976c/cy 
-1771320H - 1292959126H - 7515360c/ - 98362466c/ + 6549780c// + 191318766c//) 
+a 8 6 5 ((30(606368/c + 18269c - 47855c/) + 6(-149759256/c - 7429006c + 16898695c/)) 

+96(6(-21696£; + 7168c - 32107c/) - 300(20*; + 2c - 7d))p 
-53472600/ccy + 4314648966£;cy - 1644975ccy + 223362606ccy + 4232835c/g - 493533426c/g 
+162720240H - 5737131286A;/ + 7605180c/ + 27907926c/ - 10584600c// + 276148026c//) 
+a 12 6(30(357076/c + 15242c - 40239c/)/ + 6(-96(-24Jfe + d)p + 51744/cg 
+1386cg - 4851c/g - 283508960H - 9804142c/ + 27924468c//)) 
-2a 2 6 n (-3(16(6(21044£; + 8251c - 6951c/) - 30(572*; + 83c - 123c/) )p 
+ (136(96672/c + 48818c - 38053c/) + 480(304/c + 51c + 4c/))g 
+2(5(-8316/c + 27871c - 19191c/) + 6(842212/c - 186857c + 3817d))t)) 
+a 3 6 10 (-2(48(6(-35828£; + 11269c - 571c/) - 75(184*; + 106c - 89d))p 
+3(6(3524768*; + 1583210c - 1123521c/) - 60(29492*; + 3877c - 5475c/))g 
+2(6(7128476*; + 410553c - 1514936c/) + 45(-57308/c + 3915c + 6786d))t)) 
+a 7 6 6 (3(32(-30(-1192*; + 17c + 53c/) + 6(-257540/c + 10748c + 41515d))p 
+(6(1784512*; + 4673403c - 6328878c/) + 15(259520*; - 56778c + 80197c/))g 
-2(6(18432028*; + 2063821c - 6743278c/) + 10(-140688*; + 6877c + 155327d))*)))] 

+[ 8^~ff^" ((96a2 ° + 2fl3(4835 " 82086)616 
+2a(95 - 486)6 18 - 106 19 + 114a 2 6 17 (-15 + 166) - 2a 19 (5 + 9126) 

+2a 18 6)(3248/c - 371c + 575c/)/ + a 16 6 2 (-30(102632/c + 6640c - U211d)t 

+6(96(-20/c + d)p - 37500/cg - 1116cg + 3735c/g + 101842384H 

+4629100c/ - 11840166c//))) 

+a 10 6 8 (6(96(-124 772*; + 21901c - 17779c/)p 
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+6933708(% - 25027488cg + 22411995dg + 47573000H + 30096024ct 
-71921924cft) - 15(672(-40/c + 5c - h2d)p + 4659444/cg + 5988cg 
-137073dg - 2235256H - 50576ct - 607218^)) 
+2a 4 6 14 (150(4fc + c - d)(-9(16p + 79q - 64*)) 
-56(-2496(4/c + c - d)p - 26988/cg - 6747cg + 6747dg + 7280H + 1820ct - 1820eft)) 
+a 12 6 6 (-6(1440(684/c + 462c - 1727d)p + 385641132/cg + 4095636cg 
-12983877dg + 94219368H + 9469882ct - 66033204dt) 
-15(-96(520£; + 43c - 104d)p - 34077cg + 136692dg + 1857640H 

-22998ct + 47306cft)) 
+a 15 6 3 (-96(-9324/c + 2c + 387d)p + 22208160/cg + 500691cg 
-1942140dg + 239709600H + 5842382ct - 16780882eft) + 15(96(-20£; + d)p 

-1116cg + 3735dg - 809096H - 14066ct + 63272dt) 
+a 8 6 10 (96(-1520/c + 511c - lUd)p - 229047cg 
-63054dg + 661742ct - 567764dt) + 6(-192(-63332/c + 8725c + 7387d)p 
+6143760cg + 14083365dg + 160389568H - 33349956ct + 1211602dt) 
+a 14 6 4 (-96(180A; + 2c - 9d)p - 620448£;g - 14901cg + 52512dg + 910496fc£ 
+17798ct - 131728dt) + 6(96(38700/c + 781c - 2491d)p + 213241020/cg + 4928781cg 

-16835793dg - 178959408H + 2472926ct + 11129654cft) 
-a 7 6 n (15(96(1220A; + 383c - 439d)p - 2448324/cg 
-261879cg + 501360dg + 4165984H + 202016ct - 700056dt) 
+6(480(-1616/c + 4568c - 1991d)p + 38861664/cg + 13797912cg 
-13942029dg - 86969480H - 23944502ct + 25663916^)) 
+a 9 6 9 (-672(-400A; + 29c + 62d)p - 3995256/cg - 199923cg 
+725346dg + 8950184H - 237858ct - 907442d£) 
+6(-96(119620/c + 9213c - 40363d)p + 49804440/cg + 2624862cg 
-20884221dg - 231609256/ct + 22319212ct + 37755238^) 
-a 1 V(480(424£; + c - 8d)p - 2963400/cg - 187257cg 
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+419913dq + 9062904H + 270722ct - 497360cft) 
+6(384(-60401A; + 1196c + 6831d)p 
+461626416£;g + 17580171cg - 64284969dg 
-722013808H + 14928440ct + 42684832^) 
-2a 1 V((-3097048/c - 244028c + 464157d)t 
-2a 5 o 13 (96(4£; + 9c - 5d)p - 58884kq - 8973cg 
+11847dg + 70960H + 11540ct - 14640dt) + 656(-2(144(20/c + 3c - 4d)p 
+9(3604/c + 743c - 822d)q - 32588H - 6995ct + 7571eft))) 
+a 13 6 5 ((-96(-520A; + 11c - 4d)p - 790128A;a - 44247cg (63) 
+73722dg + 4384696H + 124148ct - 207996dt) + 
o(2(55580/c + 48(1865c - 3(43676/c + 379d))p 
+6(16303472/c + 1230680c - 2118925d)o 
-407402424H - 14101721ct + 23167123dt))) 
+a 6 o 12 (-15(-480(204£; + 5c - 33a> + 633804£;g - 115959cg + 4059dg 

-338248H + 265498ct - 122678dt) 
+6(-2(96(15676/c + 5219c - 4699a> - 3(5168668/c + 279987c - 754942d)g 

+20((913672A; + 50071c - 134207d)£))))]} + {a b} 

Next, we perform the conformal transformation from the half-plane coordinates z = a, z = 
b to the r, a coordinates in the disc (0<r<l,0<a< 2n) using the prescription (58)- 
(59) and replacing each of the half-plane integrals of the type J dadb(a — o) 7l a 72 o 73 with 
corresponding integrals on the disc. Straightforward evaluation of the asymptotics of the 
disc integrals in the field theory limit a' — > then gives leads to (60) , skipping the contact 
terms. Finally, the lower-derivative contributions to the correlator (46) are given by the 
overall expession (61) that vanishes in four dimensions. For completeness, we finish with 
presenting explicit expressions for Iiower-der(ki, &2, ^3) entering (61). It is convenient to 
cast it according to 

Ilower-der(h, &2, fo) = I 3 + I 5 + I 7 (64) 
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with I p being the p-derivative pieces. The integration procedure is then identical to the one 
explained for the 9-derivative contribution. Introducing further convenient abbreviations: 



«1 = <\ &1 (fc 2 )<t ( fc 3)< 3 3 63|cd (^l)^ ia2 (^ + K + + + 

u 2 = u^{k 2 )u^ (k 3 )u^ cd (k 1 ) V a ^(k a l + k a 2 + k a 3 )(k b ^ + + k b J)k b J 

Vl = u^(k 2 )u^ (ks^^ih)^ 

v / t,a 2 t,b 2 i U a 2t,b 2 _i_ t. a 2h.b 2 , ^2 1,612^1 

V2 = <\ 6l (M<? 2 (M<f |cd ( W ia 

^(h.a 2 ib 2 | h.a 2 ,b 2 . h.a 2 ,b 2 . /,62L«2Ui)l 

U3 = < 1 (fc2)^(fc3)< 3l 1y»] aifl 

^(Jc a2 Jc b2 -i- h a2 h b2 4- h a2 h b2 4- h b2 h a2 \h bl 

/\ ^rt^ n/-^ n/j 1^ *^2 1^ ^2 2 / 3 

v ( h a 4- £* a -I- h a \(h a2 h b2 4- i* a2 i- 62 -I- h a2 h b2 4- £* &2 h a2 \h bl h b3 
\ 1 *^2 3 / v 1 1 ' 2 1 ' — 1 2 * 2 2 / 1 2 

v ^ a 4_ b a 4- h a \(h a2 b b2 4- £- a2 £^2 -U Z- a2 h h<1 4- k &2 ^ a2 "l^i £^3 
\ 1 *^2 3 / \ 1 1 ^ " / 2 1 1 2 ' — 2 2 / 3 2 

A 3 = < 1 1 6l (^2)<t( fc 3)<f |cd (fcl)^ a3 

y f t a _|_ t a _|_ h a \(h a2 h b2 4- h a2 h b2 4- h a2 Ic 32 4- h b2 Jc a2 \Jc bl k bs 
\ 1 2 ' 3/\ 1 1 ' 2 1 1 2 2 2 / 1 3 

A 4 ^f^X^sl^'l^ilf" 3 

v 4- h a 4- h a \(h a2 b b2 4- h a2 h b2 _L ^ a2 £^ 2 -1- £^2 ^ a2 "l^i £^3 
\ 1 ' 2 ' 3/V 1 1 ' — 2 1 1 2 2 2 / 3 3 

v(h a2 h b2 4- h a2 h b2 4- h a2 h h2 4- h b2 h a2 \h b ^ 
s\ yrv-^ rv-^ \ t>j 2, 1 ^1 ^2 ' 2 2 / 2 

v(h a2 h b2 4_ h a2 h b2 4- b a2 b b2 4- h b2 h a2 \h bz 
/\ ^rt^ n/-^ r" ^2 1 r '*'2 *^2 2 / 3 

the asymptotics of the 7-derivative contribution is computed to give 



(65) 
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i 7 ^ {h^ihhy^hh)- 1 

x { Ul (1493472p + 1195776^ + 505040t) + #(2051748;p + 2154326g + 908764t) 
+/i(2214564p + 4140804^ + 764500t) - w 2 (/(3649254p + 1628060g + 492190t) 
+#(3166474p + 1040800^ + 30605620t) + /i(2082610p - 2427639^ + 1648244t)) 
+vi(/(132128p + 2003462^ + 808692t) + #(988622p + 8267294^ + 3016884*) 
+/i(-4428732p + 10608920^ - 764824t)) + w 2 (/(8467662p + 5883454^ + 936720t) 
+#(12845628^ + 9832562^ + 964355t) + /i(20605796p + 1557672^ - 2062380t)) 
+w 3 (/(7884240p - 3167390^ - 1010042t) + #(8690112p + 40306g + 2087600t) 
+/i(-3860368;p - 894766^ + 7057t)) - Ai(9085p - 30492495^ + 735944i) 
+A 2 (2235256p - 41879080^ - 538906t) + A 3 (1264326p + 24246476^ + 426t) + 
A 4 (130p + 284472^ + 3280845t) + pi(c(20047925p + 2823510^ + 724612t) 
+d(2240244p + 3171313^ + 462884t) + /c(1021245p + 2436124^ + 6523480t)) 
+p 2 (c(-4086001p + 2049050^ + 206800t) + d(2006114p - 929683g + 96492t) 

+k(-24p + 907200^ + 1920160t))} + ... 



Next, to describe the 5-derivative piece, we shall adopt the notations: 



71 =<^(A; 2 )< 2 2 &2 (A;3)<t |cd ( fc i)^ ia2 ^ a3 ( fc i 2 + fc 2 2 )^^2 3 

72 = <\ 6l (fc 2 )<? 2 (fc 3 Xt |cd ( fc i)^ ia2 ^ a3 ( fc i 2 + ^2 2 )^^2 3 

73 = U%*(k 2 )u%* feR? |crf (fcl) ? ] aia2 r 3 (^ + kfr)kfck$> 

74 = <^ 2 X (h^^ih)^^^ + k b 2 *)k b Jk b J 

Si = <\ 6 ^fc 2 )<t( fc 3)<t |Cd ( fc l)^ l63 ^ ai 
v ( h a2 h h2 -4- h a2 b b2 -I- h a2 h h2 -I- h b2 h a2 \ h a % 

A^rt-j^ rv-^ \ ^2 ^1 * ^1 2 1 1 / 2 

v(h a2 h h2 -I- h a2 h b2 4- h a2 h b2 A- h b2 h a2 \h a3 
V I 1 ^2 1 * 1 2 " / l / 3 

6! = U%*(k 2 )u%Z> (fc3)< 63|C ^l)^N fllfl3 
v (h a2 b b2 -U h a2 b b2 -U b a2 h b2 -U h b2 h a2 \(h a J_ b a _1_ b a \ 
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Then the asymptotics of the 5-derivative contribution is computed to give 



x{ 7l (1864828p + 2866523^ - 303t) + 72 (20078254p + 652q - 1887348t) 
+ 73 (1542620p - 1288760^ - 1052*) + 74 (30884240p + 6268906g + 9208t) (68) 
+5i(2305266p + 764080^ - 2006875t) + 5 2 (2640884p + 306708^ + 9861808t) 

+ei(3077454p - 708616^ - 979072t)} + ... 

Finally, to describe the 3-derivative contributions (up to contact terms) we denote 



Then the asymptotics of the 3-derivative contribution is computed to give 

x{ai(-10887660p + 30458284^ + 41010562t) (70) 
+a 2 (10865492p - 30460944^ - 41010934t)} + ... 

This concludes the evaluation of I(ki, fc 2 , ks) factor describing the lower derivative contri- 
butions to the correlator (46), modulo contact terms. 





(69) 
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